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There are five problems (I~V). For the problem I, read carefully the
explanation in the first page. Each of problems II~V consists of basic and
advanced problems ([A], [B]). Answer both of them. All the problems are
given first in Japanese and then in English. The contents of the problems
are the same.
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Use one sheet of answer paper separately for each problem. Write the
problem number at the top of the sheets.
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Draft sheets will not be marked.
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Answer five out of the following ten questions. Write down the chosen question numbers

on the answer sheet clearly. The imaginary unit is represented by 1.

Q1. Find the inverse of the following matrix:

1 -2 0
0 2 =11,
1 0 O

Also, for each eigenvalue, find the corresponding eigenvector that is normalized to

have unit norm (i.e., a unit eigenvector).

Q3. Consider the vector field defined in three-dimensional Cartesian coordinates (x, y, z),

F(z,y,z) = (—y, 2, 0). Evaluate the line integral

7{ F.dr,
c
where C' is a circle of radius R centered at the origin in the xy-plane, traversed once

counterclockwise as viewed from the positive z-axis.

V4

(Continued on the next page)



Q4.

Q5.

Q6.

Q7.

Q8.

Qo.

Q10.

Consider the vector 77 = (z,y, z) defined in three-dimensional Cartesian coordinates

(7,9, 7). Evaluate the divergence of 7/r?%:

(T
div (ﬁ),
where r = /22 + y? + 22.

Find the general solution of the following differential equation:

d
& + 2y = 5e’”.
dx

Find the general solution of the following differential equation:

P’y dy

Find the Fourier transform of the following function:

1 |z| <1
fx) =
0 |z|>1.

Evaluate the following integral:

* cos
/ Rl
o 2241

Find the function ¢(z) that satisfies the following equation on the interval —1 <
r <1:

1 d*¢(z)

= = —d(x).

2 dx? (z)

Assume that ¢(z) is continuous on the interval and satisfies the boundary conditions

¢(—1) = ¢(1) = 0. Here, §(x) denotes the Dirac delta function.

Find the function y(z) that maximizes or minimizes the following integral:

/md

Assume that y(x) is smooth and satisfies the boundary conditions y(0) = 1 and
y(1) =3.
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Ql.

Q2.

Q3.

Of the following, list all the forces that are central forces.
1. Electrostatic force between two point charges
2. Lorentz force exerted by magnetic flux density on a point charge
3. Coriolis force in a rotating reference frame
4. Frictional force
5

. Gravitational force between two point masses

When a point mass moves under gravity around a stationary body with
uniform density, select all of the cases for the stationary body from the
list below, for which there exists a trajectory of the point mass along
which the angular momentum vector is conserved.

1. A spherical body

2. A spheroidal body

3. A triaxial body

Two point masses of equal mass m have position vectors 71 and 75 and
interact through a potential energy U (|71 — 7’2|) that depends only on
their separation. Write down the Lagrangian £ of this system. Also,
express the Lagrangian in the center-of-mass frame using the relative

—> —> —>
vector ¥ = 11 — ro.

(Continued on the next page)
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As shown in the figure, a point mass particle P of mass m moves without

leaving the surface of a cone that opens upward at an angle # with respect to

the vertical direction (where 0 < 6 < 7w/2). Let the apex of the cone be the

origin O, and define a Cartesian coordinate system where the vertical direction

is the z-axis.

Let R be the distance from the particle to the origin, and let ¢ be the angle

between the x-axis and the line connecting the origin and the projection of the

particle’s position onto the xy-plane, Q.

Assume gravity acts downward with acceleration g, and the cone is so smooth

that friction between the particle and the surface is negligible.

Ql.

Q2.

Q3.

Q4.
Q5.

Q6.

Express the kinetic energy K

K = %(¢2+y2+z2)

and the angular momentum ¢, about the z-axis

of the particle P in terms of m, 6, R, ¢ and the time derivatives R and
é.

Write down the Lagrangian of the particle P in terms of m, 8, R, ¢ and
the time derivatives R and ¢.

Derive the equations of motion of the particle in the R- and ¢-directions.
Also, show that ¢, is conserved.

Express the kinetic energy K in terms of m, ¢,, 8, R and R.

The total mechanical energy E of the particle P can be written in the
form

o mi?

+U(R).

Express the effective potential U(R) in terms of R, 0, g, m, £,.
Sketch a rough graph of the effective potential U(R) (horizontal axis: R,
vertical axis: U(R)) for the case for which ¢, # 0. Explain the allowed

range in R for the particle’s motion using this graph.

(Continued on the next page)
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[11.

h
Answer the following questions [A] and [B]. Let h = 2 where h is the Planck constant.
T

Al

QL.

Q2.

Q3.

2/ . ) )
—az”/2 in one-dimensional

When the wave function is given in the form ¢ (x) = Ne

space —o0 < x < 00 using a positive constant a, derive the normalization factor
[o.@]

N that satisfies [v(z)|?dz = 1. Then, calculate the expectation values of
>

the coordinate opgrator 2 and the momentum operator p with respect to the

above wave function. Note that p = —ihd—, and the Gauss integral formula is
x
oo
given by / e~ dr = /7.
— 00

Consider a two-electron system. The electron has spin 1/2, and its spin-up and
spin-down states are denoted as 1 and |, respectively. The two-electron system
takes the following four states: | 1), | 1)), | 41), and | |l). Choose three states
that have a total spin of unity from the following options. Choose one state that

has a total spin of zero from the following options.

Options : X
(1) ?(! N+ 14)
(2) ﬁ(’ N =141)
3) [ 1)
(4) [ 1)

Consider a quantum mechanical system of a particle with mass m in a three-
dimensional anisotropic harmonic-oscillator potential V(z,y,z) = %mwQ(:EQ +
y® + 42%), where w is a positive constant. Write down the degeneracies of the
ground state(s), first excited state(s), and the second excited state(s) of this sys-
tem. Note that the eigenenergy of the quantum mechanical system of a particle

with mass m in a one-dimensional harmonic-oscillator potential V (x) = imwzxz

1
is given by E = hw (n + §>, where n is a non-negative integer.

(Continued on the next page)
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Consider the quantum-mechanical system of a particle with mass m in the one-dimensional

potential described below (see Fig. 1)

00 (x <0)
Viz)=¢ -V O0<z<a),
0 (r >a)

where V5 > 0. Let 0 < x < a be Region I and x > a be Region II.

First, consider the situation in which the energy of the particle E is in the range —V; <

2m(E + Vo) |/ —2mE
T and Y= h2

E <0. Let k1 =

Q1.  Write down the form of the wave functions in Region I and Region II, taking

account of the boundary conditions at z = 0 and x — oc.

Q2.  Derive the relation between k; and ~+ using the condition that the wave function

and its first derivative are continuous at z = a.

2mV,

Q3. Using the relation obtained in Q2 and k? + 2 = —20, derive the condition

that a, m, and Vi must satisfy for the existence of a solution with £ < 0.

Second, consider the situation in which the energy of the particle F is in the range E > 0.

2mE 2m(E + V
m2 and ki = m(T—f-o), and assume that the wave function in Region 11
can be written as Asin(kz + ¢) using constants A and 4.

Let £k =

Q4. Express tan ¢ in terms of a, k, and k; using the condition that the wave function

and its first derivative are continuous at x = a.

1 2
Q5.  Write down % tand in the limit of £ — 0 in terms of ky = WF;LQVO and a.
V(CL’) 4
Region 1 Region Il
........ 0 . ........................C.i > a’;
-V

Figure 1
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Answer the following questions. Here, the permittivity and the

permeability of the vacuum are denoted by &, and u,, respectively.

(Al

Q1. Consider an infinitely long uniformly-charged cylinder of radius a and
electric charge per unit length A. Let r be the radial distance from the
central axis of the cylinder. Find the magnitude of the electric field at a

distance r, using &y, a, A, r as required.

Q2. Consider a rectangular cuboid dielectric inserted parallel to and between
two plates of a square parallel-plate capacitor with side length a and
spacing d, as shown in the figure below. A voltage V is applied between
the two plates. Here, the dielectric is in the vacuum, and the dielectric
surfaces facing the plates have the same shape as the plates, and the
thickness and the relative dielectric constant of the dielectric are d/2 and
&, = 3, respectively. Assume the edge effects of the capacitor are negligible.

Answer the following questions.

A
v

vV — d & =3 Id/z

»
»

A

X

Figure
(a) When the dielectric is inserted a length x, find the capacitance using

&, a, d, x, V asrequired.
(b) Find the magnitude of the attractive force pulling in the dielectric using

&, a, d, x, V asrequired.

(Continued on the next page)



Q3.

Find the Lorentz force F acting on a point charge with electric charge g
embedded in a uniform static magnetic field in the z-direction. Here, let

the magnetic flux density B = (0,0, B)and the velocity of the point charge

U = (vy, vy, 1;).

(Continued on the next page)
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Consider electrons moving in an electric field E. Answer the following
questions. Here, let mass and electric charge of an electron be m and —e,
respectively, the number of the electrons in a unit volume be n, and the mean
velocity of the electrons be 7. Moreover, assume the Lorentz force acting on the
electrons as well as interactions between the electrons are negligible. Use the
following Maxwell’s equations as required.

o5
T
v

V-B=0,

<
X
ot
+
2|
o~
I
o
z |
<
X
i
|
>
2|
o~
I

where B and | denote the magnetic flux density and the electric current density,

respectively.

First, consider a case where the electrons move inside a conductor and

collide with ions.

Q1. Assume the mean momentum loss of the electrons per unit time due to
collisions with ions is proportional to the mean momentum of the electrons
at that time, which can be written as m¥/t with relaxation time 7. Let
dp/dt = 0, that is, assume the motion of the electrons is in a steady state.
Derive Ohm’s law ] = ¢E for the electric current density J, and find the

electric conductivity ¢ using &,, ly, m, e, n, U, T as required.

Next, consider a case where the electrons move inside a superconductor

without scattering.

Q2. Show that, instead of Ohm’s law, the following equation holds true for the

electric current density J.

(Continued on the next page)



Q3.

Q4.

Q5.

Show that the following equation holds true using the equation given in Q2.

— > 2 5 —., = -
When VxJ + %B = 0 holds true, show that V2B = /%B holds true, and
=2 . 2—> .
find A (> 0) using &, o, m, e, n, v as required. Assume ZTIZ; is

negligible because the frequency of the magnetic field is sufficiently low.
Use the vector analysis formula V x (ﬁ X [1)) = V(V : /_1)) — V24 for an

arbitrary vector A4 as required.

Explain the physical meaning of Q4.
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V.

Let kg be the Boltzmann constant and 7' be temperature. You may use the notation
of inverse temperature, 8 = 1/(kgT).

(Al

Q1. Which one of the following statements (a),(b) or (c) is correct?

(a) Thermodynamic potentials such as the Helmholtz free energy and the Gibbs
free energy are constructed as products of extensive variables.

(b) Consider a system following the microcanonical distribution. When the num-
ber of states with energy E doubles, the entropy of the system also doubles.

(c) Any number of particles obeying Bose statistics can occupy the same state,
whereas at most one particle obeying Fermi statistics can occupy the same
state.

Q2. The average number of particles occupying a single-particle state with energy e
in an ideal Fermi gas is given by the Fermi distribution function f(e). Write down
f(e) at temperature 7" and chemical potential p. Sketch the general shape of f/(e)
on a graph for T'=0 and T > 0.

Q3. Find the constant volume heat capacity Cy of the following systems:

(1) A gas with internal energy U = xT — {&, where V' is the volume, and x and
a are constants.

(2) A system consisting of N oscillators, whose partition function is given by

N :
Z = (#) , where A is a constant.

( Continued on the next page. )



Figure 1

Consider a chain molecule system consisting of N connected elements of length a, as
shown in Figure 1. A particle with electronic charge ¢(> 0) is attached at the endpoint
of the N-th element. A uniform electronic field E(> 0) is applied in the z-direction.

Suppose that the j-th (j = 1,..., N) element can take only two possible states on
the x-axis: the positive direction (z; = a) and the negative direction (z; = —a), where
x; is the increment in the x-coordinate from the starting point to the endpoint of the
j-th element. The energy H of the system consists only of the electrostatic energy of
the charged particle and is expressed as

N
H=-¢EX, X=)> u (1)
j=1

where X is the z-coordinate of the charged particle. (Let the starting point of the first
element be at the origin. Also, assume that the size of the charged particle can be
neglected.)

Let us consider the thermal equilibrium state of this system at temperature 7" using
the canonical distribution. In the following, (A) denotes the expectation value with
respect to the canonical distribution.

Q1. Find the partition function Z for N elements at temperature 7.

Q2. Show that the expectation value of the energy, (H), is given by

Q3. Find the expectation value (X) of the z-coordinate of the charged particle.

( Continued on the next page. )



Figure 2

Next, we consider the case in which the system is placed on the (z,y) plane as shown
in Figure 2, and the vector from the starting point to the endpoint of each element can
take only four possible states: (z;,y;) = (a,0),(—a,0),(0,a),(0,—a). The energy of
the system is assumed to be given by Eq. (1), as before.

Q4. Find the partition function Z for N elements at temperature 7.
Q5. Find the expectation value of the energy, (H).

Q6. Find the expectation value (Y') and the variance (Y — <Y>)2> of the y-coordinate
Y = Z;V:1 y; of the charged particle.
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