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注意事項（選択、解答についての必要な指示） 
１．5つの問題 (I~V) がある。問題 I では最初の説明文を良く読んでから解答
せよ。問題 II~V では、基礎問題と応用問題 ([A], [B]) があり、全ての問題
に解答せよ。問題文は、最初に日本語で、次に英語で書かれている。問題の

内容は同じものである。 
There are five problems (I~V). For the problem I, read carefully the 
explanation in the first page. Each of problems II~V consists of basic 
and advanced problems ([A], [B]). Answer both of them. All the problems 
are given first in Japanese, and then in English. The contents of the 
problems are the same. 

２．それぞれの問題につき一枚の解答用紙を用いよ。また、問題番号を明記せ

よ。 
Use one sheet of answer paper separately for each problem. Write the 
problem number at the top of the sheets.  

３．下書き用紙は採点の対象としない。 
Draft sheets will not be marked. 



I
ҎԼͷ 10໰ͷ͏ͪ 5໰Λબ୒͠ɺ໰୊൪߸Λ໌هͷ্ɺղ౴ͤΑɻi͸ڏ਺୯ҐΛද͢

΋ͷͱ͢Δɻ

໰ 1 ఆੵ෼ ˆ ∞

1

dx

1 + x2

ΛٻΊΑɻ

໰ 2 N,n, n′ ͕੔਺Ͱ 0 < N, 0 < n, n′ ≤ N Λຬͨ͢ͱ͢Δͱ͖ɺ

N∑

m=1

sin

(
πnm

N + 1

)
sin

(
πn′m

N + 1

)

ΛٻΊΑɻ

໰ 3 ˆ ∞

−∞
dx

(
sinx

x

)2

= π (1)

͕੒ཱ͢Δɻ͜ΕΛ࣍ͷΑ͏ʹࣔͦ͏ɻࠨลͷੵ෼͸ෳૉੵ෼

ˆ
C
dz

(
sin z

z

)2

ʹ౳͍͠ɻ͜͜ͰɺC ͸ԼਤͷΑ͏ʹ z = 0 ෇ۙͰ࣮͔࣠Βগͣ͠Εͨܦ࿏Ͱ͋

Δɻ࣮ࡍɺඃੵ෼ؔ਺͸ z = 0ͷ෇ۙͰۃΛͨ࣋ͳ͍ͷͰɺCʹԊͬͨੵ෼ͱ࣮࣠

ʹԊͬͨੵ෼͸౳͍͠ɻ

ˆ
C
dz

(
sin z

z

)2

= −1

4

[ˆ
C
dz

e2iz

z2
+

ˆ
C
dz

e−2iz

z2
−
ˆ
C
dz

2

z2

]

ͱͯ͠ɺӈลͷ֤߲Λ͢ࢉܭΔ͜ͱʹΑΓɺ(1)Λࣔͤɻ

(ͮͭ͘ʹท࣍)



໰ 4 f(x)͸ −∞ < x < ∞Ͱఆٛ͞ΕΔඍ෼Մೳͳؔ਺Ͱ

lim
x→±∞

f(x) = 0

Λຬͨ͢ͱ͢Δɻݶۃ

lim
t→∞

ˆ ∞

−∞
dxf(x)

(sin(tx))2

tx2

ΛٻΊΑɻͨͩ͠ɺඞཁͰ͋Ε͹໰ 3ͷࣜ (1)Λ༻͍ͯΑ͍ɻ
໰ 5 "A("r)Λ ΔϕΫτϧ৔ͱ͢Δͱ͖ɺ͚͓ʹۭؒݩ࣍3

"∇× ("∇× "A)

Λ ("∇ · "∇) "Aͱ "∇("∇ · "A)Λ༻͍ͯදͤɻ

໰ 6 ඪ࠲௚ަݩ࣍3 x, y, z Λ࠲ۃඪ r, θ,φͰද͢ͱ



x
y
z



 =




r sin θ cosφ
r sin θ sinφ

r cos θ





Ͱ͋ΔɻϕΫτϧ "er,"eθ,"eφ Λ

"er =




sin θ cosφ
sin θ sinφ

cos θ



, "eθ =




cos θ cosφ
cos θ sinφ
− sin θ



 , "eφ =




− sinφ
cosφ
0





ͱఆٛ͢Δͱ͖ɺ




∂f
∂x
∂f
∂y
∂f
∂z



 =
∂f

∂r
"er +

1

r

∂f

∂θ
"eθ +

1

r sin θ

∂f

∂φ
"eφ

ͱͳΔ͜ͱΛࣔͤɻ

໰ 7 a, bΛ 0Ͱͳ͍࣮਺ͱ͢Δͱ͖ɺํఔࣜ

x2

a2
+

y2

a2
+

z2

b2
= 1

Ͱද͞ΕΔ ໘্ͷ఺ۂΔɻ͜ͷ͑ߟ໘Λۂ಺ͷۭؒݩ࣍3 (0, a√
2
, b√

2
)ʹ͓͍ͯ͜

ͷۂ໘ʹਨ௚ͳϕΫτϧΛٻΊΑɻ
໰ 8

I =

(
1 0
0 1

)
, J =

(
cos θ e−iφ sin θ

eiφ sin θ − cos θ

)

ͱ͢Δͱ͖ɺexp( iα2 J)Λ͠ࢉܭɺI ͱ J ͷઢ݁ܗ߹Ͱදͤɻ

(ͮͭ͘ʹท࣍)



໰ 9 T, V ͸ N ×N ࣮ରশྻߦͱ͢Δɻࠓ

(λT − V )"v = 0

(λ′T − V )"v ′ = 0

Λຬͨ͢ N ϕΫτϧ࣮ݩ࣍ "v,"v ′ ͱ࣮਺ λ,λ′ (λ #= λ′)͕͋Δͱ͢Δɻ͜ͷͱ͖ɺ

"v · T"v ′ = 0

ͱͳΔ͜ͱΛࣔͤɻ
໰ 10

A(x) =

(
a(x) b(x)
c(x) d(x)

)

Λ͢΂ͯͷཁૉ͕ม਺ x Ͱඍ෼Մೳͳؔ਺Ͱ͋ΔΑ͏ͳ 2 × 2 ͱ͢Δɻྻߦ

detA(x) #= 0ͰɺA(x)ͷྻߦٯΛ A−1(x)ͱ͢Δɻ͜ͷͱ͖ɺ

d

dx
detA(x) = detA(x)Tr

[
A−1(x)

dA(x)

dx

]

ͱͳΔ͜ͱΛࣔͤɻ



I
Answer five out of the following ten questions. Begin by writing the question
numbers on the answer sheet clearly. Here, i is the imaginary unit.

Q1 Evaluate the following integral.ˆ ∞

1

dx

1 + x2

Q2 Evaluate
N∑

m=1

sin
(
πnm

N + 1

)
sin

(
πn′m

N + 1

)

.

Here N, n, n′ are integers satisfying 0 < N, 0 < n, n′ ≤ N .

Q3 Let us prove the formula ˆ ∞

−∞
dx
(
sin x

x

)2

= π . (1)

The integral on the left hand side is equal toˆ
C

dz
(
sin z

z

)2

.

Here C is a contour which deviates from the real axis in a neighbor-
hood of z = 0 as depicted in the figure below. Since the integrand is
holomorphic in a neighborhood of z = 0, the integral along C is equal
to the one along the real axis.

Prove the formula (1) by usingˆ
C

dz
(
sin z

z

)2

= −1

4

[ˆ
C

dz
e2iz

z2
+

ˆ
C

dz
e−2iz

z2
−
ˆ
C

dz
2

z2

]

,

and evaluating each term on the right hand side.

(Continued on the next page)



Q4 Let f(x) be a differentiable function defined for −∞ < x < ∞ which
satisfies

lim
x→±∞

f(x) = 0 .

Evaluate the limit

lim
t→∞

ˆ ∞

−∞
dxf(x)

(sin(tx))2

tx2
.

Here you can use the formula (1) in Q3, if necessary.

Q5 Let "A("r) be a vector field in the three dimensional space. Express

"∇× ("∇× "A) ,

in terms of ("∇ · "∇) "A and "∇("∇ · "A).

Q6 Three dimensional cartesian coordinates x, y, z can be expressed in terms
of the polar coordinates r, θ,φ as




x
y
z



 =




r sin θ cosφ
r sin θ sinφ

r cos θ



 .

Let "er,"eθ,"eφ be vectors defined by

"er =




sin θ cosφ
sin θ sinφ

cos θ



 , "eθ =




cos θ cosφ
cos θ sinφ
− sin θ



 , "eφ =




− sinφ
cosφ
0





Show the following formula holds.




∂f
∂x
∂f
∂y
∂f
∂z



 =
∂f

∂r
"er +

1

r

∂f

∂θ
"eθ +

1

r sin θ

∂f

∂φ
"eφ

Q7 Let a, b be real numbers none of which are 0. Let us consider a surface
in the three dimensional space defined by the formula

x2

a2
+

y2

a2
+

z2

b2
= 1 .

Find a vector perpendicular to this surface at (0, a√
2
, b√

2
) on it.

(Continued on the next page)



Q8 Let I, J be

I =

(
1 0
0 1

)

, J =

(
cos θ e−iφ sin θ

eiφ sin θ − cos θ

)

.

Evaluate exp( iα2 J) and express it as a linear combination of I and J .

Q9 Let T, V be N ×N real symmetric matrices. Suppose that there exist N
dimensional real vectors "v,"v ′ and real numbers λ,λ′ (λ #= λ′) satisfying

(λT − V )"v = 0

(λ′T − V )"v ′ = 0 .

Show that
"v · T"v ′ = 0

holds.

Q10 Let

A(x) =

(
a(x) b(x)
c(x) d(x)

)

be a 2 × 2 matrix whose elements are differentiable functions of x.
Assume that detA(x) #= 0 and A−1(x) denotes the inverse matrix of
A(x). Show that

d

dx
detA(x) = detA(x)Tr

[

A−1(x)
dA(x)

dx

]

holds.

3

小沢 顕



ᶘ

[A]

໰ 1. (a) ࣭ྔM ͷ߶ମΛ͑ߟΔɻॏ৺Λ௨Δ࣠ͷ·ΘΓͷੑ׳ϞʔϝϯτΛ IG ͱ͢

Δɻͦͷ࣠ͱฏߦͰɺڑ཭ !͚ͩ཭Εͨ࣠ͷ·ΘΓͷੑ׳ϞʔϝϯτΛٻΊΑɻ

(b) ີ౓͕Ұ༷Ͱް͞ͷແࢹͰ͖Δ࣭ྔMɺ൒ܘ aͷԁ൘Λ͑ߟΔɻԁ൘ͷத৺

Λ௨Γɺԁ൘໘ʹਨ௚ͳ࣠ͷ·ΘΓͷੑ׳Ϟʔϝϯτ͸Ma2/2Ͱ͋Δɻͦͷ

࣠ͱ௚ަ͠ɺԁ൘ͷத৺Λ௨Δ࣠ͷ·ΘΓͷੑ׳ϞʔϝϯτΛٻΊΑɻ

໰ 2. ఺ݪ OΛத৺ͱ͢Δத৺ྗͷԼͰӡಈ͢Δ࣭఺Λ͑ߟΔɻݪ఺ OΛ࢝఺ͱ͢Δ࣭

఺ͷҐஔϕΫτϧΛ "rɺӡಈྔΛ "pͱ͢Δɻ֯ӡಈྔ "r× "p͕อଘ͢Δ͜ͱΛࣔͤɻ

໰ 3. ҐஔϕΫτϧ "r ʹ͓͚Δྗ "F ("r)͕ࣜ࣍Λຬͨ͢ͱ͢Δɿ

"∇× "F ("r) = 0.

"∇͸ඍ෼ԋࢠࢉφϒϥͰ͋Δɻ্ͷࣜΛຬͨ͢ྗ "F ΛԿͱݺͿ͔౴͑Αɻຎྗࡲ

͸ྗ "F ʹ෼ྨ͞ΕΔ͔Ͳ͏͔౴͑Αɻ

ʢ࣍ทʹͭͮ͘ʣ



[B]

ҎԼͷ໰͍Ͱ͸ม਺ X ͷؒ࣌ʹؔ͢Δ 1֊ඍ෼Λ Ẋɺ2֊ඍ෼Λ Ẍ ͱද͢ɻ

ॏྗͷԼͰӡಈ͢Δ࣭ྔ mͷ࣭఺Λ͑ߟΔɻ࣭఺͸Ұฏ໘಺Λӡಈ͢Δ΋ͷͱ͠ɺͦ

ͷฏ໘Λ xy ໘ͱ͢Δɻ͋Δࠁ࣌ʹ͓͚Δ࣭఺ͷ࠲ඪΛ (x, y)ͱ͢ΔɻॏྗՃ଎౓ʢେ͖

͞ gʣ͸ y ࣠ͷෛͷํ޲Λ͖޲ɺҐஔΤωϧΪʔͷݪ఺͸ y = 0Ͱ͋Δɻۭؾ఍߅͸ແࢹ

Ͱ͖Δͱ͢Δɻ

໰ 1. ࣭఺ͷϥάϥϯδΞϯ L0 Λॻ͖Լͤɻ

ɺਤʹ࣍ 1ͷΑ͏ʹݪ఺ OΛத৺ͱ͢Δ൒ܘ aͷྠ͕ xy ໘಺ʹݻఆ͞Ε͍ͯΔͱ͢

Δɻ࣭ྔ mͷ࣭఺Λྠͷ௖্ʹͦͬͱஔ͍ͨͱ͜Ζɺ࣭఺͸ྠʹԊͬͯ͢΂Γɺ͋Δߴ

͞Ͱྠ͔Β཭Εͨɻ࣭఺ͱྠͷؒͷຎࡲ͸ແࢹͰ͖Δͱͯ͠ҎԼͷ໰͍ʹ౴͑Αɻ

໰ 2. ࣭఺͕ྠʹԊͬͯ͢΂͍ͬͯΔ࣌ͷ࠲ඪΛ (x, y)ͱ͢ΔɻྗֶతΤωϧΪʔͷอଘ

ଇΛදࣜ͢Λͤهɻ

࣭఺͕ྠʹԊͬͯ͢΂͍ͬͯΔ࣌ͷ࠲ඪ (x, y)͸ҎԼͷ৚݅Λຬͨ͢ඞཁ͕͋Δɿ

x2 + y2 = a2. (1)

ͦ͜Ͱɺ໰ 1ͰٻΊͨ L0 Λ༻͍ͯ৽ͨʹϥάϥϯδΞϯ LΛಋೖ͢Δɿ

L = L0 + λ(x2 + y2 − a2). (2)

λ͸ϥάϥϯδϡͷະఆ৐਺Ͱ͋ΔɻҎԼͷ໰͍ʹ౴͑Αɻ

໰ 3. (2)͔ࣜΒԼͷӡಈํఔࣜΛಋ͚ɻ

mẍ = 2λx (3)

mÿ +mg = 2λy (4)

໰ 4. ໰ 2ͷ݁Ռͱ (1)ɺ(3)ɺ(4)ࣜΛ༻͍ͯ λΛ y ͷؔ਺ͱͯ͠දͤɻ(1)͔ࣜΒಋ͔

ΕΔࣜ
ẋ2 + xẍ+ ẏ2 + yÿ = 0

Λ༻͍ͯྑ͍ɻ

໰ 5. ࣭఺͕ྠ͔Β཭ΕΔ࣌ͷ y ΊΑɻٻඪΛ࠲

小沢 顕
(次頁につづく）



m

x

y

O

g

m

x

y

O

g

m

x

y

O

gm

x

y

O

g

m

x

y

O

g

m

x

y

O

g

a

ਤ 1



ᶘ

[A]

Q1. (a) Consider a rigid body of mass M . Let IG be the moment of inertia about

an axis through the center of gravity. Find the moment of inertia about

an axis parallel to that axis and separated by !.

(b) Consider a uniform and thin disk of radius a and mass M . The moment

of inertia about an axis perpendicular to the disk and through the center

of the disk is Ma2/2. Find the moment of inertia about an axis parallel to

the disk and through the center of the disk.

Q2. Consider a point mass moving under a central force. The center of force is

located at the origin O. Let "r be the position of the point mass measured

from O, and "p be the momentum. Show that the angular momentum "r × "p is

conserved.

Q3. Suppose that force "F at position "r satisfies the following equation :

"∇× "F ("r) = 0.

"∇ is the differential operator, nabla. Answer what the force "F above is called.

Answer whether or not the friction force is classified into "F .

[B]

In the following questions, Ẋ and Ẍ denote the first and second derivatives of a

variable X with respect to time, respectively.

Consider a point mass of massmmoving under the gravitational force. Let the point

mass move on a plane, and the plane be xy plane. And let (x, y) be the coordinate

of the point mass at some instant. The direction of the gravitational acceleration

(magnitude g) is the negative direction of y axis. The potential energy is zero at

y = 0, and any effects due to air resistance can be ignored.

Q1. Write down the Lagrangian L0 of the point mass.

(Continued on the next page)



Next consider a ring of radius a, which is fixed on the x-y plane with the center of

the ring located at the origin O, as shown in fig.1. Suppose that a point mass of mass

m is placed at the top of the ring. Suppose also that the point mass then slides on the

ring, and leaves the surface of the ring at a certain height. The friction between the

point mass and the surface of the ring can be ignored. Answer the following question.

Q2. Let (x, y) be the coordinate of the point mass during sliding. Write down an

equation expressing the mechanical energy conservation.

The coordinate (x, y) of the point mass during sliding must satisfy the following

condition:
x2 + y2 = a2. (1)

To take account of eq.(1), let us introduce a new Lagrangian L by using L0 (Q1) :

L = L0 + λ(x2 + y2 − a2), (2)

where λ is Lagrange’s undetermined multiplier. Answer the following questions.

Q3. Derive the following equations of motion from eq.(2).

mẍ = 2λx (3)

mÿ +mg = 2λy (4)

Q4. Use the result of Q2, eq.(1), eq.(3), and eq.(4) to find λ as a function of y. The

following equation derived from eq.(1) can be used:

ẋ2 + xẍ+ ẏ2 + yÿ = 0.

Q5. Find the y coordinate at which the point mass leaves the surface of the ring.

(Continued on the next page)
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III

[A]
໰ 1. ෳૉਖ਼ํྻߦAͷΤϧϛʔτڞ໾ tA∗ΛA†ͱද͢ɻ͜͜Ͱ t͸సஔɺ∗͸ෳૉڞ໾

Λද͢ɻA† = −Aͷ࣌ɺA͸൓ΤϧϛʔτྻߦͰ͋Δͱ͍͏ɻ൓Τϧϛʔτྻߦͷ

༗஋͸ݻ 0·ͨ͸७ڏ਺Ͱ͋Δ͜ͱΛূ໌ͤΑɻ

໰ 2. ೾ಈؔ਺͕ψ(x) = 1

(
√
πa)

1
2
e−

x2

2a2
+ikxͰ༩͑ΒΕΔΨ΢εܕ೾ଋ͕͋Δɻ͜͜Ͱ a͸ਖ਼

ͷ࣮਺Ͱ͋Γɺk͸࣮਺Ͱ͋Δɻ͜ͷ೾ಈؔ਺ʹର͢Δӡಈྔԋࢠࢉͷظ଴஋ 〈p̂〉Λ

ΊΑɻͨͩ͠ɺp̂͸ٻ p̂ = !
i

∂
∂x Ͱ͋Δɻ·ͨඞཁͰ͋Ε͹ɺΨ΢εੵ෼ͷެࣜ∫∞

−∞ e−
x2

a2 dx =
√
πaΛ༻͍ͯΑ͍ɻ

໰ 3. ଴஋͕EظͷӡಈΤωϧΪʔͷࢠి = 100 eVͰ͋Γɺ∆E = 0.01 eVͷ༳Β͗Λ

ͷӡಈྔࢠɺి࣌Δɻ͜ͷ͍ͯͬ࣋ p͸Ͳͷఔ౓ͷෆ͔֬͞∆pͰܾ·Δ͔ٻΊΑɻ

͞ΒʹɺిࢠͷҐஔ x͸Ͳͷఔ౓ͷෆ͔֬͞∆xͰܾ·Δ͔ٻΊΑɻϋΠθϯϕϧ

άͷෆ֬ఆੑݪཧ͸∆x∆p ≥ !
2 Ͱ͋Δɻͨͩ͠ిࢠͷ࣭ྔ͸m = 9.11× 10−31 kgɺ

1 eV= 1.60× 10−19 J (=kg·m2·s−2)ɺ! = 1.05× 10−34 Jsɺ
√
29 ' 5.4Λ༻͍ͯ΋

Α͍ɻ

(ͮͭ͘ʹท࣍)



[B] 

孤⽴したスピン量⼦数 s =1/2 をもつ粒⼦が静⽌している。この粒⼦のスピン演算⼦の x, y, z

成分はそれぞれ 

!"! =
ℏ
#$!, !"$ =

ℏ
#$$ ,	 !"% =

ℏ
#$%	

と表されるものとする。ここで、$!, $$, $%はパウリ⾏列であり 

$! = '0 1
1 0*, $$ = '0 −,

, 0 *,	 $% = '1 0
0 −1*	

と表される。また、- = '1 0
0 1*とする。 

この粒⼦の時刻 t における状態|/(1)⟩は4&(1), 4'(1)を⽤いて 

|/(1)⟩ = 54&(1)4'(1)
6, ⟨/(1)| = (4&∗(1), 4'∗(1)) 

と表される。時刻 t=0 において4&(0) =
√#
# , 4'(0) = − √#

# であった。 

 
問1. $!# = -であることを⽤いて、8*+,! = - cos < + ,$! sin <であることを⽰せ。 

問2. 時刻1 = 0における!"!, !"$, !"%の期待値を求めよ。 

 

時刻1 = 0において z 軸に平⾏な磁場を印加した。磁場の z 成分を@&とし、この系のハミル
トニアンがAB' =	−

-."
ℏ !"%@& = − '

#ℏD$%と表わされるものとする。ただし、E/はボーア磁⼦、
FはF-因⼦であり、D = -."

ℏ @& とおいた。以下、D > 0として必要であればDを⽤いて答え
よ。 

 
問3. 時間依存シュレディンガー⽅程式 

,ℏ
H|/(1)⟩
H1 = AB'|/(1)⟩	

から、4&(1), 4'(1)に関する微分⽅程式を導け。 
 

問4. 初期条件を課して上記の微分⽅程式を解け。 

（次⾴につづく） 

  



 

問5. 時刻1' = 0
1の時、!"!, !"$の期待値を求めよ。また、⟨/(1')|/(0)⟩ を求めよ。 

 
次に時刻1 = 1'において z 軸に平⾏な磁場を取り除いた後、時刻1 > 1'において y 軸に平⾏
な磁場を印加した。磁場の y 成分を@&とし、この系のハミルトニアンがAB# =	− -."

ℏ !"$@& =
− '
#ℏD$$と表わされるとする。 

 
問6. 時刻1# = 1' + 0

1の時、!"!, !"$の期待値を求めよ。また、⟨/(1#)|/(0)⟩ を求めよ。 

 

  



III

[A]
Q1. Let A† be a Hermitian conjugate tA∗ of a complex square matrix A, where t and ∗

represent transpose and complex conjugate, respectively. When A† = −A, the

matrix A is called anti-Hermitian matrix. Prove that eigenvalues of the anti-

Hermitian matrix are 0 or pure imaginary.

Q2. A gaussian wave packet ψ(x) is given as ψ(x) = 1

(
√
πa)

1
2
e−

x2

2a2
+ikx. Let a and k be a

positive real number and a real number, respectively. Calculate the expectation

value 〈p̂〉 of the momentum operator p̂ for the wave packet. Let p̂ be p̂ = !
i

∂
∂x . If

necessary, use the following formula of Gaussian integral
∫∞
−∞ e−

x2

a2 dx =
√
πa.

Q3. The expectation value of kinetic energy of an electron is E = 100 eV, and its

fluctuation is ∆E = 0.01 eV. Then, calculate uncertainty ∆p of the kinetic

momentum p of the electron. In addition, calculate uncertainty ∆x of the position

x of the electron. Heisenberg uncertainty principle is ∆x∆p ≥ !
2 . If necessary, use

electron mass m = 9.11× 10−31 kg, 1 eV= 1.60× 10−19 J (=kg·m2·s−2),

! = 1.05× 10−34 Js, and
√
29 ' 5.4.

(Continued on the next page)



[B] 

Consider an isolated particle at rest with spin quantum number s=1/2. Suppose x, y, z components of 

the particle spin operators are given by 

!"! =
ℏ
#$!, !"$ =

ℏ
#$$ ,	 !

"% =
ℏ
#$%,	

where $!, $$, $% are the Pauli matrices as given by 

$! = '0 1
1 0

*, $$ = '0 −,
, 0

*,	 $% = '1 0
0 −1

*.	

We suppose the identity matrix is given by - = '1 0
0 1

*, and the state of this particle at time t (|/(1)⟩) 

is given by 

|/(1)⟩ = 5
4&(1)
4'(1)

6, ⟨/(1)| = (4&∗(1), 4'∗(1)), 

using 4&(1) and 4'(1). We suppose 4&(0) =
√#
# , 4'(0) = − √#

#  at t = 0. 

Q1. Show that 8*+,! = - cos < + ,$! sin < by using $!# = -	. 

Q2. Obtain expectation values of !"!, !"$, and !"% at time 1 = 0. 
 

A magnetic field parallel to the z-axis is applied at 1 = 0. The Hamiltonian of the system is given by 

AB' =	−
-."
ℏ !"%@& = − '

#ℏD$%, 

where @& is the z-component of the magnetic field, E/ is the Bohr magneton, F is the F-factor. 

We set D = -."
ℏ @& and assume D > 0. In the followings, use D if necessary. 

Q3. Derive the differential equations for 4&(1) and 4'(1)	from the time-dependent Schrödinger 

equation 

,ℏ 2|4(6)⟩
26 = AB'|/(1)⟩.	

Q4. Solve the above differential equations, imposing the initial conditions. 

Q5. Obtain expectation values of !"! and !"$ at time 1' =
0
1, and obtain ⟨/(1')|/(0)⟩. 

 

Next, after removing the magnetic field parallel to the z-axis at time 1 = 1', a magnetic field parallel 

to the y-axis is applied at time 1 > 1'. The Hamiltonian of the system is given by 

AB# =	−
-."
ℏ !"$@& = − '

#ℏD$$, 

where @& is the y-component of the magnetic field. 

 
Q6. Obtain expectation values of !"! and !"$ at time 1# = 1' +

0
1, and obtain ⟨/(1#)|/(0)⟩. 



IV.

[A]

以下の各問いで指示されたグラフとして正しいものを、次頁に与えられてい
る選択肢 (1)−(8) の中から選べ。グラフの縦軸の値は、r/R = ∞ でゼロと
なり、r/R = 1 で 1 となるように規格化されている。
問１. 次の２つの場合に、それぞれの中心からの距離 r の関数として電場

の強度を描いたグラフ。
(a)　真空中にある一様に正に帯電した半径 R の球
(b)　真空中にある一様に正に帯電した半径 R の球殻

問２. 次の３つの場合に、それぞれの中心からの距離 r の関数として静電
ポテンシャルを描いたグラフ。ポテンシャルは r/R = ∞ でゼロと
する。
(a)　問１ (a)の球
(b)　問１ (b)の球殻
(c)　真空中で r = 0 に置かれた正の点電荷

問３. 真空中に置かれた半径 R の導体球を正に帯電させた場合の静電ポ
テンシャルを中心からの距離 r の関数として描いたグラフ。ポテン
シャルは r/R = ∞ でゼロとする。

問４. 半径 R の円柱状の無限に長い非磁性の導線が真空中に置かれ、内部
を一様な密度の電流が円柱の軸の方向に流れているとき、導線の中心
軸からの距離 r の関数として磁束密度の大きさを描いたグラフ。

（次頁につづく）



（次頁につづく）

(1) (2)

(3) (4)

(5) (6)

(7) (8)

選択肢

𝑟/𝑅

𝑟/𝑅 𝑟/𝑅

𝑟/𝑅

𝑟/𝑅

𝑟/𝑅

𝑟/𝑅

𝑟/𝑅



[B]

質量 m、有限の抵抗 R の導線のつくる面積 A の小さな円形回路 S がある。
これを鉛直上向きの一様な磁束密度 B が存在する空間内で、絶縁された質
量の無視できる長さ ! の細い棒の先端に固定して摩擦や空気抵抗のない振
り子にする。振り子の支点は S とは反対側の棒の先端（点 O）であり、回
路 S の法線方向は S の速度の方向と常に平行である。S の大きさは棒の長
さに比べて十分に小さい。重力加速度の大きさを g として、以下の問いに
答えよ。

!

!

θ

!

"

"

図

問１. 図のように時刻 t において振り子が鉛直線と角度 θ(t) をなすとき、
回路 S を貫く磁束を求めよ。図において、S の左側の面から右側の
面に貫く磁束を正とする。

問２. 回路内の磁束変化によって生じる起電力を角速度 dθ/dt を使って書
け。図の破線の枠内に描かれた回路 S を右側から見た図に示された
矢印の向きに誘導電流を発生させる起電力を正とする。また、振り子
の運動の範囲は十分に小さく（|θ| ! 1）、cos θ " 1の近似が成り立
つものとする。 （次頁につづく）



問３. 問２で求めた起電力によって回路に流れる電流が行う仕事率（電力）
P1 を角速度 dθ/dtを使って書け。

問４. θ(t)が従う運動方程式を書け。なお、誘導電流が磁場から受ける力に
よって振り子には正味のトルクが生じるが、このトルクを発生させる
力を F とおくと、その仕事率 P2 は

P2 = F "
dθ

dt

と書くことができ、P1 = −P2 から F が求まる。また、|θ| " 1 な
ので、sin θ # θ の近似が成り立つものとする。

問５. 振り子が θ $= 0 の位置から周期的振動をともなった運動（減衰振動）
を行うための条件式を書け。また、このときに失われる振り子の力学
的エネルギーは何に変化しているかを書け。



IV.

[A]

For each of the following questions, choose graphs from the list of options

(1)−(8) given in the next page, and show appropriate ones which are

specified in the questions. The vertical-axis values in the graphs are

always zero at r/R = ∞, and are normalized to unity at r/R = 1.

Q1. A graph that plots electric-field strength as a function of the dis-

tance r from the center in each of the following two cases.

(a) A sphere with a radius R which is positively and uniformly

charged in vacuum.

(b) A sphere surface shell with a radius R which is positively and

uniformly charged in vacuum.

Q2. A graph that plots electric potential as a function of the distance

r from the center in each of the three cases below. The potentials

are always assumed to be zero at r/R = ∞.

(a) The sphere in Q1 (a).

(b) The sphere surface shell in Q1 (b).

(c) A positive point charge placed at r = 0 in vacuum.

Q3. A graph that plots electric potential as a function of the distance

r from the center of a conductive sphere with a radius R which

is positively-charged and placed in vacuum. The potential is as-

sumed to be zero at r/R = ∞.

Q4. A graph that plots magnetic-flux-density strength around a non-

magnetic cylindrical conducting wire with a radius R as a function

of the distance r from the central axis. We assume that there is

uniform current along the axis inside the wire. The wire is placed

in vacuum, and has infinite length.

（Continued on the next page）



(Continued on the next page)

(1) (2)

(3) (4)

(5) (6)

(7) (8)

List of options

𝑟/𝑅

𝑟/𝑅 𝑟/𝑅

𝑟/𝑅

𝑟/𝑅

𝑟/𝑅

𝑟/𝑅

𝑟/𝑅



[B]

We consider a small circular circuit S of a conducting wire with mass

m and finite resistance R. It has an area of A. This circuit is fixed

at one edge of a thin insulating rod with length ! and negligible mass.

We regard it as a pendulum without friction or air resistance placed

in the space of uniform magnetic-flux density B with vertical upward

direction. The pivot point of the pendulum is the other edge O of the

rod, which is opposite from S. The normal direction of the circular circuit

S is always parallel to the direction of the velocity of S. The size of S is

negligibly small as compared to the length of the rod. The magnitude

of the acceleration of gravity is g. Answer the following questions.

!

!

θ

!

"#$%&'($)%#$%&#*)+

,#-.*/0#12)3#24)56)+

Figure

Q1. As shown in the figure, we define the angle between the pendulum

and the vertical axis as θ(t) at time t. Find the magnetic flux

penetrating the circuit S at the time t. We assume the magnetic

flux to be positive when it is penetrating from the left side of S to

the right in the figure.
(Continued on the next page)



Q2. Express the electromotive force generated by the temporal change

of the magnetic flux penetrating the circuit S by using the angular

velocity dθ/dt. We assume the electromotive force to be positive

when it is inducing current along the direction of the arrow de-

picted in the right-side view of the circuit S shown in the dashed

square in the figure. The range of the motion of the pendulum is

very small（|θ| ! 1）, and we can use the approximation cos θ " 1.

Q3. Express the electric power P1 which is done by the current induced

in the circuit by the electromotive force obtained in Q2 by using

the angular velocity dθ/dt.

Q4. Write the equation of motion which describes the dynamics of

θ(t). The interaction between the induced current in S and the

magnetic field gives rise to a net torque in the pendulum. When

we define the force which generates this torque to be F , its power

P2 can be expressed as

P2 = F "
dθ

dt
,

and we can find F from the relation P1 = −P2. We can also use

the approximation sin θ " θ since |θ| ! 1 holds.

Q5. Write the expression which describes the condition for the peri-

odic motion (damped oscillation) of the pendulum from an initial

position θ $= 0. In addition, write what the dynamical energy of

the pendulum lost in this damped oscillation becomes altered to.



V 

[A] 
 

分配関数 Z(T,V), 温度 T, 体積 V でヘルムホルツの自由エネルギーF が以下の式で表されるとす

る。 

! = −$!% log )(%, ,)	 
ここで kBはボルツマン定数である。この系における問 1から問 3の量を Z(T,V)を用いて表せ。尚、

解答の中に偏微分∂/∂T等が残っても良い。 

 

問1. エントロピーS 

問2. 圧力 P 

問3. ギブスの自由エネルギーG 

 

 

 

 

 

 

 

 

 

 

        

（次頁に続く） 



[B] 
 

温度と圧力が等しい 2種類の理想気体からなる気体の混合を考える。温度 T, 体積 V, 分子数 N, 

質量 mの理想気体の分配関数 Zは 

) = ,"
/! 1

234$!%
ℎ# 6

$"
#
																								 

 で表される。ここで kBはボルツマン定数、hはプランク定数である。また、Ｎは十分に大きい

とする。 

 

以下では、それぞれ N1個、N2個の質量 m1、m2の分子からなる、体積 V1, V2の２種類の理想気体

があるとする。２種類の理想気体の温度は Tとする。N1、N2は十分に大きいとする。 

 

問1. この２種類の気体が分離されて別々にあるときの分配関数 Z1, Z2と混合されて体積

V=V1+V2になった時の分配関数 Z1+2をそれぞれ求めよ。 

 

問2. N1個の質量 m1の分子からなる、体積 V1の気体のエントロピーS1が以下で表されることを

示せ。 

7% =
3
2/%$& +/%$& log ,% +

3
2/%$& log % +

3
2/%$& log

234%$!
ℎ# − $& log/%! 

 

問3. この２種類の気体が分離されて別々にあるときのエントロピーと混合されて体積V=V1+V2
になった時のエントロピーの差DSを書け。 

 

問4. ２種類の気体の混合過程が不可逆過程であることを説明せよ。また V1=V2=V/2、

N1=N2=N/2のときのDSを書け。 

 

問5. 2種類の気体が同じ種類の場合、混合してもエントロピーが変わらないことを示せ。スタ

ーリングの公式 log/! = /	log/ − / を用いても良い。 

 

問6. この２種類の気体の混合によるエントロピー変化DSを熱力学のエントロピーを使って計

算することを考える。計算には、この混合プロセスを可逆の準静的過程の組み合わせに

置き換える必要がある。置き換えた準静的過程の各プロセスを示し、気体定数を R、ア

ボガドロ数を NAとして熱力学のエントロピーを使ってDSを計算せよ。 

 

		 
 

  



V 

[A] 
 

     Answer the following questions. 

 The Helmholtz free energy, F, of volume V at Temperature T is given by 

! = −$!% log )(%, ,)	,  

where Z(T, V) is the partition function and kB is the Boltzmann constant. Write down the following quantities 

Q1, Q2 and Q3 using Z(T,V). The answer can include partial derivatives such as∂/∂T etc. 

 

Q1. Entropy, S. 

Q2 Pressure, P.  

Q3 Gibbs free energy, G. 

 

 

 

 

 

 

 

 

 

 

 
       
      (Continued on the next page) 



[B] 
 

Consider a mixture of two kinds of ideal gases consisting of independent molecules. Answer the following 

questions.  

 

For N molecules each with mass m in a box of volume V at temperature T, show that the partition function 

Z is given by  

) = '#
"! I

#./0$(
1" J

%#
"  , 

where kB is the Boltzmann constant, h is the Plank constant, and N is sufficiently large value.  

 

In the following, there are two kinds of monoatomic ideal gases with volume V1 and V2. The masses of 

molecules of the two gases are m1 and m2 and number of their molecules are N1 and N2 respectively. N1 and 

N2 are sufficiently large values. The temperature of the two gases are T. 

 

Q1 Show the partition functions Z1 and Z2 for each of two kinds of gases. The two gases with volume V1 

and V2 are mixed. A total volume is V=V1+V2. Show that the partition function, Z1+2, of the mixture.  

Q2  Show that the entropy of S1 for N1 molecules with mass m1 in a box of volume V1 is given by  

7% = $
#/%$& +/%$& log ,% +

$
#/%$& log % +

$
#/%$& log

#./!0$
1" − $ log/%!. 

Q3  Write down the difference of entropy, DS, between a sum of each two kinds of gas and the mixture. 

Q4 Explain the process of the mixture is irreversible based on the DS. Write down DS in the case of 

V1=V2=V/2 and N1=N2=N/2. 

Q5 Show the no difference of the entropy by the mixture of two identical gases. You can use the 

following Stirling’s formula without proof: log/! = /	log/ − /. 

Q6 Consider calculation of the difference of entropy, DS, for the present mixture by classical 

thermodynamics. To find the entropy difference between any two states of a system, the process must 

be replaced for a reversible path between the initial and final states. Write down the replaced 

reversible path. Write down DS by classical thermodynamics using ideal gas constant, R, and 

Avogadro number, NA.  

 

 


